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1. INTRODUCTION

Let X, Y be normed linear spaces with norms |lo||y, |||y, respectively,
and let U< X be a linear subspace with seminorm |o|,. Consider the inter-
mediate spaces Uc X, c X,

X, ={fEX; X (. X,U)=C(w(t). t - 0+}, (1.1

where the #-functional is defined for f€ X, r >0 by

HWS) =H LK U) = inf (1= gl +]gl} (1.2)

and w is a modulus of continuity, namely a function, continuous and
monotone increasing on |0, oo), satisfying the properties (cf. [17, p. 96 ff.])

w(0) =0, w(t)>0 for ¢>0. (1.3)
w(t; + ) < w(t) + w(t).

Let N be the set of natural numbers and {R,},.n @ sequence of operators on
X into Y (e.g., remainders, cf. Section 3) which are sublinear and bounded,
i.e., the operator norm

HRn”[X,Y] =sup ||R,fliy/IIfllx
f#0

* The contribution of this author was supported by Grant 11 B4 FA 7888 awarded by the
Minister fiir Wissenschaft und Forschung des Landes Nordrhein-Westfalen.

161
640/31/25 0021-9045/81/020161-14$02.00/0

Copyright €: 1981 by Academic Press, Inc.
All rights of reproduction in any form reszrved.



162 DICKMEIS AND NESSEL

is finite for each n € N. If {p,},.y is @ sequence of real numbers satisfying

v,>0forneN, lim ¢, = O monotonely, (1.4)
RO

then one has the familiar direct approximation (or Jackson-type) theorem
(cf. [6] and the literature cited there):

THEOREM 1. [f the operators R, satisfy the boundedness condition

IR Sy <Clflly  (fEX,nEN) (1.5)

and the Jackson-type inequality

then for f€ X, one has the rate of convergence

IR, flly=C(w(p,)  (n— ) (1.7)
Indeed, for any fE X, g€ U

IR Sy SHRL(S—&lly + 1R, &lly SClIS = &llx + 0ul&lo}>

and therefore in view of the definitions (1.1-1.2)

IR, Sy < CH (0, /) = O(0(0,))

for any fe X,.
It is the purpose of this note to show that the assertion of Theorem I is
sharp. More specifically, for moduli of continuity satisfying

fulg w(t)/t =0 (1.8)

it will be shown in Section2 (cf. Theorem 2, Corollary 1) that for rather
general sequences {R,} (e.g., the operators R, need not be commutative)
there exists an element f,, € X for which the rate (1.7) cannot be improved
to o(w(g,)). The method of proof essentially consists in the familiar gliding
hump method (cf. [5, p. 18]), but now equipped with rates. Indeed, the
results of Section 2 may also be considered as a contribution to the question
of how to treat the classical uniform boundedness principle with rates (cf.
Theorem 3). Another important feature is that Bernstein inequalities of type
(2.1,2.2,2.11) are used in the course of the proof. In Section 3 some first
applications are outlined emphazising the flexibility of this approach. For the
interconnection with theorems of Banach-Steinhaus-type (cf. |3] and the
literature cited there) we refer to [8].
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2. THE GLIDING HuMP METHOD WITH RATES

Let us commence with a general approach to certain counterexamples in
approximation theory.

THEOREM 2. Let X be a Banach space, Y a normed linear space, U X
a linear subspace, and X, be given by (1.1). Let {¢,} and w satisfy (1.4) and
(1.3, 1.8), respectively. If for a sequence of sublinear, bounded operators R,
of X into Y there exist elements h, &€ U such that for all n € N

IAallx < Cis 2.1)
haly < Cr07 ", (2.2)
0 <Ci<|Ryhlly (2.3)

then for each space X, there exists an element f, € X, such that
IR, folly # 2(w(0,))  (n—o0). (2.4)

Proof. First of all we note that (1.3) always implies (cf. [17, p. 99])

w(s)/s < 2w(t)/t forany s>¢>0. (2.5)
Assume that for each fE€ X,
IR, Sflly = olw(@,)) (n— o). (2.6)

Starting with an arbitrary n, € N, one may successively construct a
monotonely increasing subsequence {n,} <N such that the following
conditions are simultaneously satisfied (k > 2):

0(0,) < (1/2) 00, ), @7

}: 00,/ 0r, < 00,00, 28)

IR s < (C/6C) 001, )/ (@ (1), 29)

1Ry, 8y < (Co/3) o), 2.10)
8k—1 = S (@, ) h, €U.

j=1
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Indeed, (2.7, 2.9) may be satisfied in view of (1.3-1.4) and (2.8) in view of
(1.8), (2.5), whereas (2.10) is a consequence of the assumption (2.6). By
(2.1, 2.7) it follows that

: ”w((Pnj) hnj”X< o z w(‘/’n,-) < Co(p,,) }_:1 277 < .
i=t j=1 e

Therefore g, ==} w(p,) h,, is well defined as an element of X since X is
complete. Moreover, g, € X,,. Indeed, for each € (0,9, ) there exists
k,:=k €N such that ¢, <t<g, . Using the corresponding g, € U and
conditions (2.1-2.2), (2.7-2.8), and finally (1.3), (2.5), one has in view of
definition (1.2)

lZ/’(t’ ga)) < ” gw _gk”X + t|gk|U
k

Z w((on,-) hn, Z w((onj) h"j v

J=k+1
< zclw((anl) +2C, t(u((/),,k)/(ﬂ,,k
< Q2C, +4C,) w().

j=1

+t
x

This proves that g, € X,. Applying R, to
8o=w(@u) hy + 8io1 + (80— 84):
one obtains by (2.3) and (2.9-2.10) that

”Rnk gm”Y > |,RnkW(¢7"k) hnk”Y - ”Rnk gk—l“Y
- “Rn,(”[x,}’] 80— &illx
> Caw((/’nk)[l —-3—3l

Of course, this is a contradiction to (2.6), proving the assertion.

The preceding proof contains all the ingredients of the classical gliding
hump method, including the construction of a convergent series such that the
kth element of the series is “large with respect to the operator R, .” As a
first contribution to the present treatment one may consider that of
Teljakovskii [16] concerning multipliers of uniform convergence, reflecting,
however, rather specific features of the one-dimensional trigonometric
system. This was further developed in [13] in connection with multipliers of
strong convergence for regular biorthogonal systems but still using a very
special projection property.

Apart from the order w(g,) built in, the main distinction from the
classical gliding hump method is that the limit g, of the series occurring in
the course of the proof is not only an element of the underlying Banach
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space X but of the subspace X, too. To this end condition (2.2) is needed
which, in connection with (2.1), may be interpreted as a weak form of a
Bernstein-type inequality for the sequence {A,}. In fact, the standard version
of such an inequality would read

1ale < Cog Ayl (2.11)

which together with (2.1) implies (2.2) (cf. treatment of the examples in
Sections 3.1, 3.6). Naturally the use of a Bernstein-type inequality does not
surprise one in view of the fact that Theorem 2 is a first step in a direction
that is inverse to the Jackson-type Theorem 1 (cf. Corollary 1).

For a further interpretation of the conditions (2.1-2.3) consider first
(2.1, 2.3). These conditions state that the operator norms ||R,|| are bounded
away from zero, namely,

IR Nl vy Z I Ra by [ Ballx 2 C5/C s

i.e., a condition of type (1.5) should be best possible. In the same sense
conditions (2.2-2.3) state that

IR, A,lly > (C3/C3) @4 | Halus

i.e., the Jackson-type inequality (1.6) should be best possible. In fact, in
terms of the seminorm (cf. (1.1-1.2))

flo=sp A N0  (fEX,)

the assertions of Theorems 1,2 may be summarized to the following result,
stating that the estimate (1.7) cannot be improved.

CoOROLLARY 1. Under the assumptions of Theorems 1,2, including that
conditions (1.6), (2.2) be satisfied for the same sequence {p,}, there exist
constants c,, C, such that

0<eo< sup_[limsup IR, flly/w(@))/If], < Co < oo.

Progf. The upper estimate is a consequence of the proof of Theorem 1
(with C, = C). Concerning the lower estimate, first observe that the Jackson-
type inequality (1.6) together with (1.8), (2.5) now implies that (2.6) is not
merely an assumption but actually satisfied for each f€&€ U. Therefore a
subsequence may be constructed such that conditions (2.7-2.9) as well as
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(2.10) hold true. This leads to a constructive version of the proof of
Theorem 2, actually delivering some g, € X, such that

0¢,gwlw<2cl +4C2’ ”Rnkgw“}'>(c3/3)w((onk)'

Thus the lower estimate follows with ¢, = C,/6(C, + 2C,).
The result of Theorem 2 may also be interpreted as a uniform boun-
dedness principle with rates. Indeed,

THEOREM 3. Let the assumptions of Theorem 2 be valid but with (2.3)
replaced by

IR, A,y 2 CY [Ryllix,ry  (REN). (2.3)*
If for every fEX,,
IR, flly=2(1)  (n—o0), (2.12)
then the operator norms necessarily satisfy the growth condition
IRullix,ry = 2(1/0(@,))  (n—> ). (2.13)

Proof. Assume that (2.13) does not hold. Then for R, := w(¢,) R, one
has that |]R',,||[X y) = C, at least for a subsequence. By (2.3)* it follows that
the sequence {1?,,} satisfies (2.3) with C, = C¥C. Hence an application of
Theorem 2 to {R,} delivers an element f, € X, such that |R,f, [, #
o(w(g,)), a contradiction to (2.12).

Concerning condition (2.3)*, one may mention that the definition of the
operator norm || R, ||y y, actually implies the existence of some f, € X (even
S, € U if U is dense in X) such that ||f,]y =1 and [|R, f,lly = clIR,llix.v1>
where 0 < ¢ < 1 is a given constant.

In present terms the classical uniform boundedness principle states that
IR, flly=¢(1) for every f of the whole Banach space X implies
IR, lix.vy=(1) (and not o(1)). It reflects the fact that the limiting case
X,=2X, ie., o(t) = const., is excluded by (1.3). In this connection we also
note that the assertion of Theorem 3 cannot be true for the other limiting
case w(t)=1; in fact it is excluded by (1.8) (cf. Section 3.4).

3. APPLICATIONS

The purpose of this section is to treat some first examples illustrating the
usefulness of Theorem 2. Most of the results, possibly apart from those of
Sections 3.4-3.6, are quite standard, contained in many textbooks. It is
hoped, however, that the present treatment at least indicates the unified
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approach to the subject. For further applications, including numerical
solutions of initial value problems, see [7, 8].

Concerning the applications to periodic problems given in
Sections 3.1-3.4, let X, be either C,, or L5 , 1 { p < o0, the spaces of 27-
periodic continuous or Lebesgue-integrable functions f with finite norms
Vp
1, = max|fx)  or =

k4

27

o= | v d

respectively. If X3 denotes the subspace of functions r-times differentiable in
X,, with seminorm |f|yq :=|f|,., then the corresponding .#"-functional
may be characterized in terms of the rth modulus of continuity

i

j=0

(;)f(° h) (fE€ Xy, t20),

ot [y Xy,) = sup

X,

n

i.e., there are constants ¢,, ¢, > O such that (cf. [4, p. 192])
¢ 0,6 fs X3) SH W Sy Xps X3 < 0,8, 1 X,)- (3.1)

Concerning the applications to algebraic problems treated in
Sections 3.5-3.6, let C[—1, 1] denote the space of functions continuous on
the compact interval [—1, 1] with the usual maximum norm ||| and

U:=

gEC[-1L1];|gly:= _sup_ (1 —x) g®P(x) <oof. (3.2)

Then the intermediate spaces X, := X, for w(f) =1¢% 0 <a < 1, as defined
by (1.1-1.2) may be characterized via

Y= |FEC-L1l | sp (1= g5 = o)
-l+h<x<1l~h (3.3)
Afx) =fx—h) =2 @)+ fx+h) (=1 +h<x<1—hh>0)
(cf. [1;9]). Moreover, for 0 <a < 1 (and n— ©)

feX, < E,|f]:= pigg I/ = Paller-1.11 =02(n"%), (34)
where .7, denotes the set of algebraic polynomials of degree at most n (see
[15]).

3.1. Fourier Partial Sums

For the Fourier partial sums

SN0 = Y[R W= [T Swe du

lkl<n
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one has the well known direct estimate
” Snf—f”XZ,, = ﬂ(wr(n_ l’ﬁ XZn) log n)'

Theorem 2 then reestablishes the fact that this approximation rate is best
possible for X, =C,_, L} . Indeed,

COROLLARY 2. Let X,,=C,, or L,,. For each w satisfying (1.3, 1.8)
there exists a function f,, € X,, such that

W, fo3 X3,) = (7)) (£ 0+),
IS0 S0—Lullx,, # o(w(n™")logn)  (n— ).

Progf. Let us check the conditions of Theorem2 for X=Y=C,,,
U=CY{?, and for the linear bounded operators R, = [S, — I]/log n, where I
is the identity. Since || S,[/c,. ¢, 2> ¢ log n, there are elements f, € C,, with
Ifullc,,=1 and ||S,f,llc, >c logn. Now choose h,=D,f,, where
D,:=(/n) Y, S, are the standard delayed means of de la Vallée
Poussin. Then (cf. [5,p.108]) {h,} is a sequence of trigonometric
polynomials of degree {2n} satisfying (2.1-2.2) with ¢, =n"" as a conse-
quence of the classical Bernstein inequality. Condition (2.3) is fulfilled since
for sufficiently large n

IR, hulle,. =11 SuDufy — Dy fillc, /logn
> [”Snfn”Ch— C]/log n > c">0.

Then an application of Theorem 2 in connection with the characterization
(3.1) completes the proof.

The present treatment may be compared with the classical one given by
Lebesgue [11]; for stronger results see [14a].

3.2. The Singular Integral of de La Vallée Poussin

For the singular integral of de La Vallée Poussin

R ) N
)= N e ®e

it is known that (cf. [5, p. 113])

VS =Slx,, = Cl@an™ "% f: X3,)) (€ Xppon—> 0). (3.2.1)
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COROLLARY 3. For each w satisfying (1.3, 1.8) there exists a function
f,EX,, such that

Wy, f,3 X2,.) = Po(t)) (t-0+),
IV oS —fullx,, #P@(n™"))  (n— ). (3.2.2)
Proof. Consider X=Y=X,, U=X{, and the linear bounded

operators R,=V,,—1. For the elements A, €U one may choose
h,(x) = e™*. Obviously they satisfy (2.1-2.2) with ¢, =n"7. Since

(™)’

R, h = —
” n "“in (nz _ n)' (nz + n)!

l || hn”,\’z,,

tends to |e”"' — 1| # 0, one also has (2.3) for n large enough. So Theorem 2
and (3.1) establish (3.2.2), first only for the subsequence {n’}, but this
already implies (3.2.2) completely.

For w(t)=1¢*, 0 < a < 1, Corollary 3 may be found in |14, p. 184] using
the testfunction |sin #|*. Moreover, in this case even a Bernstein-type inverse
theorem is valid; it states that ||V, f—f| = @(n~*?) ensures f to belong to
the corresponding Lipschitz class of order a (cf. [5, p. 114]).

3.3 Best Approximation in X,,

Concerning the error of best approximation of a function f€ X, by
trigonometric polynomials ¢, of degree at most # (i.e., ¢, € IT,) one has that
(cf. [12,p.58))

EX(fiXp) = inf |f =ty =C@,07 X)) (31

CoroLLARY 4. For each w satisfying (1.3, 1.8) there exists a function
f., € X,, such that

W63 Xop) = O(0(7) (t—0+),
EX(fo; Xy ) #olw(n™))  (n— )

Progf. Let us check the conditions of Theorem2 for X=X, , Y=R
(:=set of reals)) U=2X}), and for the sublinear bounded operators
R,f=E*(f. X,,). For h,(x)=cos(n + 1)x one has (2.1-2.2) with ¢, =n"".
Since g"(n+ 1)< EX(g; X,,) for each g€ X,,, one also has |R,h,|>
H,(n + 1)=1/2. So Theorem 2 and (3.1) prove this corollary.

In case X,,=C,,, w()=t* 0<a<1, Corollary 4 is also given in
[10, p. 55] via a construction of a testfunction similar to a gliding hump
method. But the proof uses very specific features of the maximum norm and
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the one-dimensional trigonometric system. Note that (3.3.1) is again best
possible in the sense of a Bernstein inverse theorem (see, e.g., [17,
p. 3311ML])

3.4. Compound Quadrature Formulae

Consider an (n-fold) compound quadrature formula for the approximate
calculation of the integral [* _ f(u) du,

M

0ufs= 3 ay Sl i= 3 3 bufon+ (@mo+ D+ 5/

m=

where f€ C,,, ~n <y, <7 and Y i_, b, =2n If fFECY " is such that
S~ is absolutely continuous, then (see, e.g., [2, p. 168])

Rof:=Q, f— f_ f(u)duz(»znl)rf FOk () du,  (3.4.1)

where &, denotes a certain 2z-periodic bounded kernel. Since for r > 1 each
FE (L))" is equal ae. to an (r — 1)-times absolutely continuous function
with rth derivative in L4 (cf. [5,p.363]), one may restrict oneself to
continuous representatives of € X3 if r > 1, which in particular leads to an
interpretation of (3.4.1) for € XV This implies the Jackson-type inequality

[RFISCon™ | /7 ks, (3.4.2)
valid for any f€ X3, r > 1. Since also

IRe/1<Collf e, (fE CrpunEN), (34.3)
Theorem 1 and (3.1) for X=C,,, Y=R, U=CY), and ¢, =n"" deliver
[RIf1=C(w n™" i Cp))  (fECy,). (3.4.4)
Moreover, one may apply Theorem 1 to

R,=nRY, X={f€XL:f =0} [flx=0/"lx,,
(3.4.5)
Y=R, U=XNX={fEX:/©)=0) p,=n"""

Since for fe X
AS 3 X0 X DSHOGLX D) 27 f15 X X370
the characterization (3.1) yields

[Ref|=P(n v, (n~", f's X1,) (3.4.6)
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for any f€ X, in fact for any f€ X!)). With Theorem 2 one obtains that
(3.4.4,3.4.6) are best possible.

COROLLARY 5. For each w satisfying (1.3, 1.8) there exists
(i) a function f, € C,, such that
w,(t, f,,3 Cy) = O(0(1)) (t-0+),
RSN # olw(n™ )  (n— 00),
(il) a functions f,, € X\\) such that
@, _1(t 103 Xan) = O(0(t")) (1 0+), (3.4.7)
RS, |# o(n'w(n™"* ) (n- o). (3.4.8)

Proof. (i): For X=C,,, Y=R, U=CY{), and for the linear bounded
operators R, = R the conditions of Theorem 2 are satisfied for

h(x)=h(nx),  h(x):= li[ sinf(x—y), @,=n"". (3.4.9)

k=1

Concerning (2.3), note that #,(x,;) =0, and so

IR, h,| =

Quha~ [ ofu)

=f” h,,(,,)du:f” h(u) du > 0.

—-n —

(ii): For X, Y, U, R, as in (3.4.5) the conditions of Theorem 2 hold
true. Indeed, with & as given by (3.4.9) the elements 4, € U,

h,(x) = h(nx)/n,  R(x):=h(x) —h"(0),

satisfy (2.1-2.2) with ¢, =n""*' as well as (2.3) since

IRk, | = =|Q.(nh,)

Qulnhy) [ nhy(u) d

s

3

I

a,;h"(0) = 27" (0) > 0.

il
-

J

So an application of Theorem 2 in connection with the corresponding
characterization of the .#"-functional completes the proof.

Let us mention that this example shows that the case w(t) =1 has to be

excluded in Theorems 2, 3. Indeed, for the reflexive spaces X, =L},
1 < p < o0, condition (3.4.7) implies f’ € X, (see, e.g., [5, p. 368]). But
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then (3.4.1) implies (cf. (2, p.220]) that |R?f, |= o(n""), in contrast to
(3.4.8). Thus Corollary 5(ii) is not true in the saturation case w(f) = .

3.5. Polya Quadrature Formula

Let x,; := —cos(2j — 1)n/2n, 1 < j < n, denote the zeros of the Chebyshev
polynomial T,(x):=cos(n arc cos x) € 4;. Then the Polya quadrature
formula QF for f€ Cj—1, 1] is given by

n 1
0 f= X ayfley),  Rif=00f—| f)du,
i=1 -1
where the weights a,; > 0 are such that Rip,_, =0 for all p,_ € %, _, (cf.
[2,p. 116, 136 ff.]). Since for any p,_, € .%,_,

|RLfI=IREIf—p,_ )< 4”f_pn—l“C[—1.1]a

one obtains by (3.4) that f€ X, implies |R:f|=2(n"**) for each
0 < a < 1. This result is best possible. Indeed,

COROLLARY 6. For each 0 < a < 1 there exists f, € X, (cf. (3.3)) such
that |REf, | o(n™*®).

Proof. For X=C[—1,1|, Y=R, U as given by (3.2), and the operators

R, =R’ the elements h,= T2 satisfy (2.1-2.2) with ¢, =n"7 Condition
(2.3) holds since A4,(x,;) =0, and therefore

IRnhnl =

1
OnTh— | Ta(w)du
1

=Jl T(u) du

1
>
an*—-17

=1—

2
3

3.6. Lagrange Interpolation
The Lagrange interpolation polynomial of degree n — 1 with respect to the
Chebyshev nodes x,; (cf. Section 3.5) is given by

" d X — Xpy
L, (fix)= Z 1nj'(x)f(xnj)’ lnj(x) = krll X — Xk >
j=1 = n n
k+Jj

where —1 < x < 1 and f€ C[—1, 1](=: C). Since

1L, f=fllc <[ Lullic.cr + 1) EWlf s
c;log n <L, llie,c) < ¢, log 1,
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one obtains by (3.4) that for 0 < a < 1
FEX =L, f~[llc =" logn).
On the other hand, an application of Theorem 2 yields

CoROLLARY 7. For each 0 < a < 1 there exists f, € X, (¢f. (3.3)) such
that

ILyfo—full # o™ logn) (1 o).

Proof. The proof is an algebraic version of that of Corollary 2, the
delayed means of de la Vallée Poussin being replaced by the Fejéer—Hermite
operators. Indeed, with X=Y¥Y=C[—1,1], U as given by (3.2),
R,=|L,—1]/logn, one may consider the elements h,=H_ f,, where
[, €C[-1,1] is such that || /,[l.=1 and ||L, f,|lc > c log n, and

H,(f;x):= n7'Ti(x) i-f o) Ti%)‘cnf—

are the Fejér—Hermite interpolating polynomials of degree 2n—1 (cf.
[14,p. 397 f1.]). Thus (2.1-2.2) are satisfied with ¢,=n"? in view of the
algebraic Bernstein inequality |p,|, <cn’|p,lc (cf  [17,p.227))
Concerning (2.3) one has L, H, f= L, f and thus again

HRnhn“C: HLanfn - ann“C/lOg n > [”Lnfn“C—c]/lOg n
>c >0

Hence an application of Theorem 2 completes the proof.
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